Analysis I (Math 121)
Resit — Correction

Fall 2002
Ali Nesin

. Find a sequence neither decreasing nor increasing that converges to 1. (2
pts.)

Answer: Let a, = 1+ # It is clear that lim,, ... a, = 1. Since
the subsequence (as, ), is decreasing and converges to 1 and the subse-
quence (asy, )y, is increasing and converges to 1, the sequence (a,,) is neither
increasing nor decreasing.

. Let (a,)n be a convergent sequence of real numbers. Suppose that a,, € Z
for all n. Is it true that lim, . a, € Z? (4 pts.)

Answer: Yes, it is true. In fact this is true even for Cauchy sequences:
A Cauchy sequence (a,, ), whose terms are in Z is eventually constant, i.e.
there is an N such that a,, = ay for all n > N, and this implies of course
that lim, .. a, = ay € Z. So, let us show that the Cauchy sequence
(an)n is eventually constant.

In the definition of Cauchy sequences, take e = 1/2. Thus, there is an M
such that for all n, m > M, |a,, — a;n| < 1/2. But since a,, and a,, are in
Z, this means that for all n, m > M, |a, — an| = 0, i.e. that a,, = ay,.
Now take N = M + 1.

. Let (gn)n be a convergent sequence of real numbers. Suppose that ¢, € Q
for all n. Is it true that lim, . ¢, € Q? (3 pts.)

Answer: Of course not! In fact every real number is the limit of a rational
sequence. Indeed, let r € R. Let n € N\ {0}. Since Q is dense in R, there
is a rational number ¢, € (r — 1/n,r). Since r — 1/n < ¢, < r, by the
Sandwich Lemma, lim,, .o g, = 7.

. Let (ay), be a convergent sequence of real numbers. Suppose that 5a,, /2 €
N for all n. What can you say about lim,, ., a,? (4 pts.)

Answer: Let lim, . a, = 7. Then lim,_, 5a, /2 = 5r/2. By hypothe-
sis and by part 2, 5r/2 € Z. Thus r = 2n/5 for some n € N.

. Let (a,)n be a sequence of real numbers such that the subsequence (agy, )rn
converges. Does the sequence (ay,), converge necessarily? (2 pts.)
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Answer: Of course not! We can have as, = 1/n and ag,+1 = n.

Let (a,)n be a sequence of real numbers such that the sequence (a2),

converges to 1. Does the sequence (ay,),, converge necessarily? (2 pts.)
Answer: Of course not! We can have a, = (—1)". Then (a,), is a
sequence of alternating ones and minus ones, so that it diverges. And

since a2 = 1, the sequence (a2 ),, converges to 1.

Let (ay,), be a sequence of real numbers such that the subsequences (aap )n
and (agn+1)n both converge. Does the sequence (a,,), converge necessar-
ily? (2 pts.)

Answer: Of course not! We can have a, = (—1)". Then (a,), is a
sequence of alternating ones and minus ones, so that it diverges. And
since ag, = 1 and ag,+1 = —1, the sequence (as,), converges to 1 and
the sequence (agp+1)n converges to —1.

Let (an)n be a sequence of real numbers such that the sequence (a2),
converges to 0. Does the sequence (ay,), converge necessarily? (8 pts.)

Answer: Yes! Let € > 0. Let v = /e. Since the sequence (a2),, converges

to 0, there is an N such that for all n > N, |a2| < v, i.e. |a,|? < €2. Since
|a,| and v are positive, this implies that |a,| < e. Thus there is an N such
that for all n > N, |a,| < €; i.e. the sequence (a,), converges to 0.
Let (an)n be a sequence of real numbers such that lim, o a, = co. Is it
true that lim,_, as, = 00?7 (3 pts.)
Answer: Yes! Let A be any real number. lim,, .. a, = 0o, there is an
N such that for all n > N, a,, > A. Then for 2n > N, as, > A.
Assume lim,,_,, a,, exists and a, # 0 for all n. Does the sequence
(a2n/a2n+1)n converge necessarily? (5 pts.)
Answer: No, the sequence (agy, /aan+1)r may not converge if lim,, o a, =
0. For example, choose
{ 1/n  if nis even
an =

1/n? ifnis odd

Clearly lim,, .o a, = 0, but

2
a @ if n is even
n =
An+1 L if n is odd
2
And the subsequence % diverges to co, although the subsequence ”n—tl

converges to 0.

On the other hand, if the limit of the sequence (a,,),, is nonzero, say ¢, then
the sequence (azn/a2n+1)n converges to 1 because lim,, o0 aon/d2n11 =
limy, 00 G2pn/ limy, 00 Gan+1 = €/¢ = 1. Note that the last part uses the
fact that ¢ is nonzero.
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Find the following limits and prove your result using only the definition.
(30 pts.)

a. hmn—>oo 3n+4105

5n—"79

3n+105 __ 3

5n—79  5°
Proof: Let € > 0. Let N; be such that 32 < eNy. Let N = max(Ny, 395).
Now for n > N, we have,

Answer: lim,, ..

3n + 105 3’ _ ‘ 762 ‘ 762 < 762 32 32

5n—79 5| |25m—395| 25m—395 ~24n ~n ~ N, ~©

The first equality is simple computation. The second equality follows from
the fact n > N > 395 > 16 (so that 25n — 395 > 0). The third inequality
follows from the fact that n > N > 395, so that 25n — 395 > 25n — n =
24n.The fourth inequality is also a simple computation.

; n®—5n+43
b. limy, oo 55505
AT n®—5n43 _
Answer: limy, .o 555,75 = —0°.
. . 27
Proof: It is enough to show that lim,, . “5rt? = oo.

We first note that the two roots of n2 — 5n + 3 are 2 225_12 = 5ig/ﬁ, SO
thatifn25>%=@ > @,thenn2—5n+3>0.

Now let A € R be any real number. Let N = max(100A4 + 5,5). Now, for
alln > N,

100n—2 ~  100n _~ 100n _ 100 ~ 100

n2—5n+3 n?—=5m+3 n’ -5n n-5 N -5
> = A.

Here, the first inequality follows from the fact that n > N > 5, so that

n?>—5n+3>0.
c. lim, oo 27?37_7889.

Answer: lim,,_, 727113188 5 =0.

Proof: Let € > 0. Let N = max(1/¢,89). Now for n > N,

n—=_8 < n _ 1
2n3 —89 2n3—n ~ 2n2-1

n—=_8
2n3—89

1 1
<ﬁ<ﬁ<€'

Find (16 pts. Justify your answers).

9 6 3n
M n
a. lim,,_, (§ + n2+1)

3n
Answer: lim,,_, (% + ngil) =0.

Proof: We use the fact that 2/3 < 1. Since lim,_, = 0, there is

6n
n2+1

3n
an N such that for all n > N, ng—il < 1/6. Then 0 < (% + nSil) -

3n
(2/3+1/6)*" = (5/6)*". By Sandwich Lemma limy,_,oc (% n ngil) —0.
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b. limy, oo (2= %)™

Answer: lim,,_, (% - n—z) = 0.

Proof: We use the fact that 5/4 > 1. Since lim,,_, nlg, =0, there is an NV
such that for all n > N, & < 1/8. Then (2 — l)n > (5/4 —1/8)"" =

ns
(9/8)"" > (9/8)™. Since (9/8) > 1, lim, . (9/8)" = oco. The result
follows.

n2—1

Find lim,_ o (ni*l) (10 pts.).

n3—n—>5

n271
2 2n—3
BT n“—1 —
Answer: lim,, . (m) = 0.

Proof: Since limnﬁoo( n?—1 ) = 0, there is an N; such that for all

n3—n—>5
n > Ny, n?i;if) < 1/2. On the other hand, for n > 3, ’212::1)) < "2n—1 <n.
n2—1 2
n— n<—1
Let N = max(3,N1). Now for n > N, (n;f;i5 < (1/2)27= <

(1/2)™. Since the right hand side converges to 0, by Sandwich Lemma,

n3—n—>5
fact that n® —n —5 > 0 for n > 2. This follows from the facts that
22-2-5=1>0andn®—n-5<(n+1)>—(n+1)—>5. And this last
inequality is easy to show).

n“—1
0 < limy— 00 ( n’—1 ) ) (For the first inequality, one needs the

n/3
Show that the series Y~ (#) converges. Find an upper bound
for the sum. (10 pts.)

0o n n/3 0o n [e%e) n
Answer: ) ™ (m) =32 (13 <3 1/27/8 =
St /2 4 g /27 5 127
12 g S 1/ LS 1 = 12 g
5.

Let (ay)n be a sequence of real numbers. Assume that there is an r > 1
such that |ap 41| > 7]ay| for all n. What can you say about the convergence
or the divergence of (a,)n? (6 pts.)

Answer: The sequence diverges. Furthermore the sequence diverges to
oo if it is eventually positive and to —oo if it is eventually negative.

Proof: One can show by induction on n that |a,| > 7r"|ag|. Thus
lim,,—, |a,| = oo (because r > 1). It should now be clear that the an-
swer is valid.



